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RAMIFICATION OF VALUATIONS AND LOCAL RINGS IN POSITIVE 

CHARACTERISTIC 

STEVEN DALE CUTKOSKY 


1. Introduction 

In this paper we consider birational properties of ramification of excellent local rings. 
Suppose that K*/K is a finite separable field extension, S is an excellent local ring of 
K* {S has quotient field QF(S') = K*) and R is an excellent local ring of K such that 
dim S' = dimii, S dominates R {R C S and the maximal ideals ms of S and ms of R 
satisfy ms Ci R = ms) and u* is a valuation of K* which dominates S (the valuation ring 
V^* of u* dominates S). Let u be the restriction of u* to A. 

The notation that we use in this paper is explained in more detail in Section [2j 

1.1. Local Monomialization. 

Definition 1.1. R —S is monomial if R and S are regular local rings of the same 
dimension n and there exist regular systems of parameters xi,..., in R and yi, ■ ■ ■ ,yn 
in S, units 6i,... ,5n in S and an nxn matrix A = (aij) of natural numbers with nonzero 
determinant such that 

n 

(1) Xi = 5i'^ forl<i<n. 

If R and S have equicharacteristic zero and algebraically closed residue fields, then 
within the extension R ^ S there are regular parameters giving a form ([T]) with all 5i = 1. 

More generally, we ask if a given extension R —)• S has a local monomialization along 
the valuation n*. 

Definition 1.2. A local monomialization of R ^ S is a commutative diagram 

Ri ^ Si C K* 

t t 

R ^ S 

such that the vertical arrows are products of monoidal transforms (local rings of blowups 
of regular primes) and Ri —)• Si is monomial. 

It is proven in Theorem 1.1 m that a local monomialization always exists when K*/K 
are algebraic function fields over a (not necessarily algebraically closed) field k of charac¬ 
teristic 0, and R ^ S are algebraic local rings of K and K* respectively. (An algebraic 
local ring is essentially of finite type over k.) 

We can also define the weaker notion of a weak local monomialization by only requiring 
that the conclusions of Definition o hold with the vertical arrows being required to be 
birational (and not necessarily factorizable by products of monoidal transforms). 
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This leads to the following question for extensions R ^ S as defined in the beginning 
of this paper: When does there exist a local monomialization (or at least a weak local 
monomialization) of an extension R ^ S of excellent local rings dominated by a valuation 
u* ? 

As commented above, the question has a positive answer within algebraic function fields 
over an arbitrary field of characteristic zero by Theorem 1.1 |10] . 

For the question to have a positive answer in positive characteristic or mixed charac¬ 
teristic it is of course necessary that some form of resolution of singularities be true. This 
is certainly true in equicharacteristic zero, and is known to be true very generally in di¬ 
mension < 2 (la, [29], [7]) and in positive characteristic and dimension 3(11], mi, [H] and 
M)- A few recent papers going beyond dimension three are m, [22], [6], [5], [23], [35], 
[36], IM] and [37j. 

The case of two dimensional algebraic function fields over an algebraically closed held 
of positive characteristic is considered in [T3], where it is shown that monomialization is 
true if i? —)• S' is a defectless extension of two dimensional algebraic local rings over an 
algebraically closed held k of characteristic p > 0 (Theorem 7.3 and Theorem 7.35 |14jl. 
We will discuss the important concept of defect later on in this introduction. 

In |12] . we give an example showing that weak monomialization (and hence monomial¬ 
ization) does not exist in general for extensions of algebraic local rings of dimension > 2 
over a held k of char p > 0. We prove the following theorem in |12] : 

Theorem 1.3. (Theorem I .4 [E], Counterexample to local and weak local monomializa¬ 
tion) Let k be a field of characteristic p > 0 with at least 3 elements and let n > 2. Then 
there exists a finite separable extension K*/K of n dimensional function fields over k, 
a valuation v* of K* with restriction n to K and algebraic regular local rings A and B 
of K and K* respectively, such that B dominates A, v* dominates B and there do not 
exist regular algebraic local rings A' of K and B' of K* such that v* dominates B', B' 
dominates A', A' dominates A, B' dominates B and A' —)• B' is monomial. 

We have that the defect 5{v* jv) = 2 in the example of Theorem 11.31 (with v = u*\K). 

In [10] and |14j . a very strong form of local monomialization is established within 
characteristic zero algebraic function helds which we call strong local monomialization 
(Theorem 5.1 [10] and Theorem 48 [14] 1. This form is stable under appropriate sequences 
of monoidal transforms and encodes the classical invariants of the extension of valuation 
rings. In m, we show that strong local monomialization is true for defectless extensions 
of two dimensional algebraic function helds (Theorem 7.3 and Theorem 7.35 [H]). We 
give an example in [14] (Theorem 7.38 M) showing that strong local monomialization is 
not generally true for defect extensions of two dimensional algebraic function helds (over 
a held of positive characteristic). 

In this paper, we establish that local monomialization (and strong local monomializa¬ 
tion) hold for defectless extensions of two dimensional excellent local rings. We will hrst 
state our theorem (which is proven in Section |3|) , and then we will dehne and discuss the 
defect. 

Theorem 1.4. Suppose that R is a 2 dimensional excellent local domain with quotient 
field QF{R) = K. Further suppose that K* is a finite separable extension of K and S 
is a two dimensional excellent local domain with quotient field QF{S) = K* such that S 
dominates R. Let v* be a valuation of K* which dominates S and let v be the restriction 
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ofu* to K. Suppose that the defect 6{i'* fu) = 0. Then there exists a commutative diagram 

Ri ^ Si C V^* 

(2) t t 

R ^ S 

such that the vertical arrows are products of quadratic transforms along u* and Ri —)• Si 
is monomial. 

The proof of the theorem actually produces stable strong monomialization. 

We now define the defect of an extension of valuations. The role of this concept in local 
uniformization was observed by Kuhlmann [2^ and m- A good introduction to the role 
of defect in valuation theory is given in [26] , A brief survey which is well suited to our 
purposes is given in Section 7.1 of M- Suppose that K*/K is a finite Galois extension 
of fields of characteristic p > 0. The splitting field K^{y*/v') of v is the smallest field 
between K and K* with the property that v* is the only extension to K* of i>*\L. The 
defect 5{v* /v) is defined by the identity 

[K* : K\v*/n)] = f{v*lv)e{iy*lv)p^^^*/^'^ 

(Corollary to Theorem 25 , Section 12, Chapter VI [40] ). In the case when K*/K is only 
finite separable, we define the defect by 

5{n* fn) = b(y' jv) — 5{v' jv*) 

where v' is an extension of v* to a Galois closure K' of K* over K. 

The defect is equal to zero if the residue field Vy/mi, has characteristic zero (Theorem 
24, Section 12, Chapter VI [40]) or if W is a DVR (Corollary to Theorem 21, Section 9, 
Chapter V [39]) • 

l. 2. Associated graded rings of valuations. The semigroup of R with respect to the 
valuation v is 

S^{v) = {u{f)\feR\m. 

The group generated by S^{v) is the valuation group Ty of v which is well understood 

m, [M], m, m) ; the semigroup can however be extremely complicated and perverse 

m, [E])- 

The associated graded ring of v on R, as defined in [35] and [36], is 

gr,(R)= 0 V,{R)/V+{R). 

■y€S^{i/) 

Here P'y{R) is the ideal in R of elements of value > 7 and P.(^(i?) is the ideal in R 
of elements of value > 7 . This ring plays an important role in Teissier’s approach to 
resolution of singularity (it is completely realized for Abhyankar valuations in arbitrary 
characteristic in [36]). 

We always have that QF{gry{R)) = QF(gr^(W) and 

[QF(gr,*(5)) : QF(gr,(R))] = f(v^lv)e{v*jv). 

In [19] and [20] it is proven that there exists a strong local monomialization Ri —?■ Si 
for defectless extensions R —>• S' of two dimensional algebraic local rings in a two algebraic 
function field over an algebraically closed field, which has the property that the induced 
extension of associated graded rings along the valuation 

(3) gry{R) ^ gry,{S) 
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is of finite type and is even a “toric extension”. This result is extended in |16] to the 
case of two dimensional algebraic function fields over an arbitrary field of characteristic 
zero. These proofs all make use of the technique of generating sequences of a valuation 
on a local ring, which is developed by Spivakovsky in [34j for two dimensional regular 
local rings with algebraically closed residue fields, and is extended in m to arbitrary 
regular local rings of dimension two. Unfortunately, this technique is special to dimension 
two, and does not extend well to higher dimension local rings, or even to normal local 
rings of dimension two (the examples of strange semigroups in [T7] and m show this). 
An interesting construction of generating sequences within a valuation ring which exhibits 
the defect of an extension of valuations is given in [38] , and a different general construction 
of generating sequences is given in [32] . 

In general, the extension ([3]) is not of finite type, even for equicharacteristic zero alge¬ 
braic regular local rings of dimension two (Example 9.4 [E]), so blowing up to reach a 
good stable form is required to obtain that ([3]) has a good form. 

It is not difficult to show that the extension ([3|) is of hnite type and is toric when ly* is 
an Abhyankar valuation (equality holds in Abhyankar’s inequality (Theorem 1 [I]) 

trdeg 5 /^gI 4 */mi.* -|- dimQT,^* < 8 ) Q < dim S'. 

From a special case of Theorem 5.1 [TO] (recalled in Theorem 14.11 of this paper) we 
give the precise statement of the stable strongly monomial forms Ri Si obtained by a 
rational rank 1 valuation (dimQTjy* (g) Q = 1) in the case when ii —S' is an extension of 
algebraic local rings in an extension of algebraic function fields over an arbitrary held of 
characteristic zero. In this case, there are regular parameters xi,... ,Xn in and regular 
parameters ?/i,..., in S' and a unit 6 in S'! such that 

Xi = 5yl,X2 = y2, ■ ■ ■ ,Xn = Vn 

where e = e{y* jv') = iTi/* /Ty\. In this paper, we give a simple proof (Theorem l4.2p that in 
the case when ii —)• S' is an extension of algebraic local rings in an extension of algebraic 
function helds over an arbitrary held of characteristic zero, and v has rational rank 1 a 
strongly monomial extension Ri —)• Si has the property that 

(4) gU*(5'i) = (gu(i?i) Si/ms^ 

where [ 71 ], \xi] are the respective classes in gr^(i?i) 'S'l/m-Si- The degree of the 

extension of quotient helds of gr^,(i?) —)• grj,*(S') is e{v*/v)f {v*/v), where 

f{u*/iy) = [Vu-fniu- : K/rUj.]. 

In particular, the extension of associated graded rings along the valuation is hnite and 
“toric”. 

We show in Theorem 14.31 of this paper that the stable strongly monomial forms found 
in Theorem 1 1.41 of defectless extensions of two dimensional excellent local rings dominated 
by a valuation ly* of rational rank 1 have an extension of associated graded rings along the 
valuation of the form ([4]). Since stable forms of Abhyankar valuations have a hnite type 
“toric extension” as commented above, we conclude that stable strongly monomial forms 
of a defectless extension of two dimensional excellent local rings always has a hnite type 
“toric” extension (f3|) . 

In contrast, we do not have such a nice stable form of the extension of associated 
graded rings along a valuation which has positive defect, as is shown by the example of 
Theorem 38 m, analyzed in Section [5] of this paper. Using the notation of Section 7.4 
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explained in the following subsection on invariants of stable forms along a valuation, 
it follows from Remark 7.44 HU that the graded domains gij^* (Sn) are integral but not 
finite over gr^(i?„) for all n, in contrast to the situation when the defect b{y* jv^ is zero in 
Theorem Ol The quotient fields of giy{Rn) and gv^*{Sn) are equal under the extension 
of Theorem 38 [lU, so the degree is 1 = e{v*/v) f {v*/v) as in the conclusions of Theorem 

Ol 

1.3. Invariants of stable forms along a valnation. Suppose that R —)• 5 is an in¬ 
clusion of regular two dimensional algebraic local rings within function fields K and K* 
respectively, over an algebraically closed held k of positive characteristic p > 0, such that 
K*/K is hnite separable, S dominates R, and there is a valuation u* of K* with restriction 
u to K which dominates R and S', such that 

1) u* dominates S. 

2) The residue held Vy*/mu* of Vu* is algebraic over S/ms- 

3) The value group of v* has rational rank 1 (so it is isomorphic as an ordered 
group to a subgroup of Q). 

It is shown in Corollary 7.30 and Theorem 7.33 m that there are sequences of quadratic 
transforms along (each vertical arrow is a product of quadratic transforms) constructed 
by the algorithm of Section 7.4 m, where we have simplihed notation, writing Rn for Rr„ 
and Sn for Ss„. 


47 / 47 /* 

t t 


(5) 


t 

Rn 

t 


t 

S, 

t 


t t 

R2 S2 

t t 

R ^ S 


where each Rn is an algebraic regular local ring of K and Sn is an algebraic regular local 
ring of K* such that S„ dominates Rn, and no quadratic transform of R„ factors through 
Sn- For n ^ 0, Rn has regular parameters Xn,yn and has regular parameters Un,Vn 
such that there are “stable forms” 


( 6 ) 


Un = InX'^ , Vn 



where 'jn is a unit in Sn, dn = 7'n(/n niod Xn) = where Vn is the natural valuation 
of the DVR Sn/xnSn, with bn,oin,l3n > 0 and + /3n does not depend on n, a does not 
depend on n. 

In Theorem 7.38 m, an example is given where K*/K is a tower of two Artin Schreier 
extensions with b{y* jv^ = 2, a = 1, = 1 for all n, /3n = 1 for all n and bn = 0 

for all n. In particular, this shows that “strong local monomialization” fails for this 
extension. However, it is also shown in the example that local monomialization is true for 
this extension (by considering different sequences of quadratic transforms above R and S). 
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In Corollary 7.30 and Theorem 7.33 of it is shown that an + /?„ is a constant for 
n S> 0, where an and /3n are the integers defined above which are associated to the stable 
forms (l5|) of an extension of valued two dimensional algebraic function fields. If is 
not p-divisible, it is further shown that and I3n are both constant for n 3> 0, and 
is the defect of the extension. However, if is p-divisible, then it is only shown that 
the sum + /3„ is constant for n S> 0, and that is the defect of the extension. 

In Remark 7.34 m it is asked if an and Pn (and some other numbers computed from 
the stable forms) are eventually constant in the case when is p-divisible. We give 
examples in Section [5l equations ([311) - (p^ . showing that this is not the case, even within 
(defect) Artin Schreier extensions. The examples are found by considering a factorization 
of the example of Theorem 3.8 [13] into a product of two Artin Schreier extensions, and 
computing generating sequences on the intermediary rings. 

2. Notation and Preliminaries 

2.1. Local algebra. All rings will be commutative with identity. A ring S is essentially 
of finite type over i? if S' is a local ring of a finitely generated R-algebra. We will denote 
the maximal ideal of a local ring R by mji, and the quotient field of a domain R by QF(i?). 
(We do not require that a local ring be Noetherian). Suppose that i? C S' is an inclusion 
of local rings. We will say that S dominates R if ms Ci R = mu- If the local ring R is a 
domain with QF(i?) = K then we will say that R is a local ring of K. If K is an algebraic 
function field over a field k (which we do not assume to be algebraically closed) and a 
local ring ii of iF is essentially of finite type over k, then we say that R is an algebraic 
local ring of k. 

Suppose that K —)■ K* is a finite field extension, 72 is a local ring of K and S' is a local 
ring of K*. We will say that S' lies over 72 if S' is a localization of the integral closure T of 
72 in K*. If 72 is a local ring, 72 will denote the completion of 72 by its maximal ideal mu- 

Suppose that 72 is a regular local ring. A monoidal transform 72 —>• 72i of 72 is a local 
ring of the form R[^\m where P is a regular prime ideal in 72 {R/P is a regular local ring) 
and m is a prime ideal of 72[—] such that mCiR = mR. 72i is called a quadratic transform 
if P = mR. 

2.2. Valuation Theory. Suppose that v is a, valuation on a held K. We will denote by 
Vy the valuation ring of v. 

w = {/ G 7F I v{f) > 0}. 

We will denote the value group of v by Vy. Good treatments of valuation theory are 
Chapter VI of |30| and |3], which contain references to the original papers. If is a 
valuation ring of an algebraic function held over a held k, we insist that v vanishes on 
k \ {0}, and say that ly is a k valuation. 

If 1 / is a valuation of a held K and P is a local ring of K we will say that r dominates R 
if the valuation ring Vy dominates R. Suppose that r dominates R. A monoidal transform 
P —^ Pi is called a monoidal transform along if dominates Pi. 

Suppose that K*/K is a hnite separable extension, r* is a valuation of K* and r is the 
restriction of r to K. The ramihcation index is 

e{R*/R) = \ry./Ty\ 


f{R*/ r) = [Vy*/my* : Vy/my]. 
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and reduced degree is 


The defect 5{v* jv) is defined in the introduction to this paper. Its basic properties are 
developed in Section 11, Chapter VI [30], [26] and Section 7.1 of [T3] . 

We will call a ring a DVR if it is a valuation ring with value group Z. 

2.3. Galois theory of local rings. Suppose that K*/K is a hnite Galois extension, R 

is a local ring of K and S' is a local ring of K* which lies over R. The splitting group 
G^{S/R), splitting held K^{S/R) = and inertia group G^{S/R) are dehned 

and their basic properties developed in Section 7 of [5]. 

2.4. Galois theory of valuations. The Galois theory of valuation rings is developed in 
Section 12 of Chapter VI of [30] and in Section 7 of [3]. Some of the basic results we need 
are surveyed in Section 7.1 m- If we take S = 14* and 72 = 14 where u* is a valuation 
of K* and u is the restriction of u to K, then we obtain the splitting group G^{v*/v), the 
splitting held K^{i'*/v) and the inertia group G^{u*ju). In Section 12 of Chapter VI of 
[30] . G^{iy*/v) is written as Gz and called the decomposition group. G'^(v*jv) is written 
as Gt- The ramihcation group Gy of v* jv is dehned in Section 12 of Chapter VI of [30] 
and is surveyed in Section 7.1 [T3]. We will denote this group by G'^iy*jv). 

2.5. Semigroups and associated graded rings of a local ring with respect to a 

valuation. Suppose that is a valuation of held K which dominates a local ring R of K. 
We will denote the semigroup of values of on S' by 

S\v) = {v{f)\feR\m. 

Suppose that 7 E Tj^. We dehne ideals in R 

V^{R) = {/ E 72 I u{f) > 0} 

and 

iP+(72) = {/ E 72 I v{f) > 0} 

and dehne (as in [35]) the associated graded ring of 72 with respect to v by 

g4(i?)= 0 V,iR)/V+. 

■yeS^iv) 

2.6. Birational geometry of two dimensional regular local rings. We recall some 
basic theorems which we will make frequent use of. 

Theorem 2.1. (Theorem 3 [T]j Suppose that K is a field, and R is a regular local ring 
of dimension two of K. Suppose that S is another 2 dimensional regular local ring of K 
which dominates 72. Then there exists a unique sequence of quadratic transforms of 72 

72 ^ 72i ^- >Rn = S 

of 72 which factor 72 —)• S. 

Lemma 2.2. (Lemma 12 ^\) Suppose that A is a two dimensional regular local ring of a 
field K and y is a valuation of K which dominates y. Let 

72 —y 72i —)■ R 2 —^ • • • 

be the infinite sequence of quadratic transforms along y. Then 

W* = U“i72,. 

We also make use of the fact that “embedded resolution of singularities ” is true within 
a regular local ring of dimension 2 (Theorem 2 [I]), and the fact that resolution of singu¬ 
larities is true for two dimensional excellent local rings m, m- 
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3. Local monomialization of two dimensional defectless extensions 

In this section we prove Theorem 11.41 establishing local monomialization for defectless 
extensions of two dimensional excellent local domains. This extends the result for exten¬ 
sions of two dimensional algebraic local rings in two dimensional algebraic function fields 
over an algebraically closed field in Theorem 7.3 and 7.35 M- 

We indicate the differences between the proof in [T3] of the analogue of Theorem 11.41 
for algebraic local rings over an algebraically closed field, and the proof of Theorem 11.41 
in this paper. The essential case is of rational rank 1 valuations (Theorem 13.3p . An 
essential ingredient in the proof is the computation of complexity in Proposition 13.11 
which generalizes Proposition 7.2 m- The steps of the proof are the same, but some of 
the individual calculations require different methods, as we do not have coefficient fields 
in general in the situation of this paper, and the completions of local rings are no longer 
extensions of power series rings over a field. In [T4], the analogue of Theorem l3.3l is deduced 
as a consequence of a detailed analysis of stable forms (Theorem 7.33 [T3]) which makes 
essential use of the assumption that there is no residue field extension (the ground field is 
algebraically closed). In this paper, we give a different, more direct argument to deduce 
Theorem 13.31 

The proof of Theorem 11.41 actually produces stable strong monomialization. We first 
establish strong monomialization in the two essential cases of the theorem, and give the 
proof of Theorem 11.41 at the end of this section. We will make use of the list of good 
properties of excellent rings given in Scholie 7.8.3 [21j . 

3.1. Degree formulas. In this subsection we generalize the formulas of Proposition 7.2 

Ill- 


Proposition 3.1. Suppose that R and S are two dimensional regular exeellent local rings 
sueh that S dominates R and K* = QF{S) is a finite separable extension of K = QF{R), 
R has a regular system of parameters u,v and S has a regular system of parameters x,y 
sueh that there is an expression 

u = 7x“, V = x^ f 

where a > 0, 6 > 0, 7 is a unit in S, x f f in S and f is not a unit in S. Then there exist 
inclusions 

R^Ro^ S 

of local rings with the following properties: Rq is a two dimensional normal heal ring of 
K which is essentially of finite type over R such that S lies above Rq. LetV be the natural 
valuation of the DVR S/xS. Then we have 

[QF{S) : QF{Ro)] = ad[S/ms : R/mn] 

where d = 7'(/ mod x). 


Proof. First suppose that 6 > 0. Let s = gcd(a, 6 ), I be the ideal which is the integral 
closure oi [u^ s) m R. Let 


and 


Rq — R 


V s 

T = — 

Us 


fir 

-U^ J ms^R 


1 

US J 






Rq is normal since I is integrally closed. (Powers of I are integrally closed by Theorem 
2’, Appendix 5 m, so the ring 0 „>q I"' is integrally closed and Rq is a local ring of the 
normal scheme Proj(0^>Q/”■)). The elements x°',ip G mn^S so niRgS is ms-primary. 

By Lemma 9 [T], there exists a rank 2 valuation of K* which dominates S. Let A 
be the integral closure of Rq in K* and let T = AmgnA- By Theorem 1 [T], V^/rrii, is 
finite over T/itit so S/ms is finite over T/rriT- T is normal of dimension two (since T is 
excellent and normal). Since rriTS is ms-primary, we have that T = S hy the version of 
Zariski’s main theorem in (10.7) [1]. Thus S lies over Rq. 

Let W* be the DVR W* = S(^x) ■ ^ & Rq is neither a unit nor divisable by x in S. Thus 
the prime ideal p = xS n Rq has height one in Rq . Thus 

W = (Rq)p = W*nK 

is a DVR. 

Let t be a regular parameter in W. W is the valuation ring of the valuation ordj. Since 
/ is a monomial ideal, the value group Z of ordj is generated by ordtu and ordtu. Thus 
gcd(ordiU, ordtu) = 1. Since ordty? = 0, we have that oidtu = | and ord^u = K 
We have that 

IW = u^W = (ftt). 

Since 

. , cib ^ 

IW* = (x-), 

we have that tW* = (x^), so the ramification index of W*/W is 

e{W*jW) = s. 


The integrally closed ideal I is generated by all monomials such that 


Since 

we have that 

( 7 ) 

for such a monomial provided 

Thus for G I, 

unless 


m n ^ ^ 

hT T — 

b/s a/s 


gcd(-,-) = 1, 
s s 


orda;(u™u"') = ma + nb > — 

s 


(m,n) 0 {(-,0), (0, -)}. 
s s 


ep 


Since = ^ > 0, we have that 

(8) Ro/P = (7?/m/j[^])(^) 
where Tp is the residue of ip in Rq/P; and 

(9) Ro/mijo = R/m/j. 



By Corollary 1 of Section 2, Chapter II of Local Fields [33] and (ii) of Theorem 1, 
Section 3 of Chapter II [33| , and by Q and the fact that ^ is a regular parameter in i?o/p 
by ([HI), we have that the inclusion 

Ro/p ^ S/xS 

is a hnite extension of complete DVRs, and 

[QF(^) : QF(J^)] = e(^/R^p)f(^/R^p) 

= e{S/xS/Ro/p)f{S/xS/Ro/p) = f[S/ms : R/mn]. 

We have that rrijiS C pS so xS is the only prime ideal of S lying over p. Further, pRo 
and xS are prime ideals since Rq/p and S/xS are regular local rings. Rq and S are normal 
since Rq and S are normal and excellent. Also, S' is a hnite extension of Rq by (10.13) and 
( 10 . 2 ) of m, since S lies over Rq . Thus QF(5) is a hnite held extension of QF(i?o) and 
S is the integral closure of Rq in QF(S'). We obtain that W* = is the unique DVR of 
QF(5) which dominates W = (Ro)pj^Q- 
Thus, by Theorem 20, page 60 [3^ . 

[QFiS) : QF(Ro)] = e{W*/W)f{W*/W). 


We have that 

e{W*lW) = e{W*lW) = s 

since Rq and S are analytically unramihed (as they are excellent), and 

f{W*/W) = [QFiS/xS) : QF(Ro/pi?o)] = ^[S/ms : R/mn]. 

Thus 

[QF(S) : QF(i?o)] = ad[S/ms : R/mn]. 

Now suppose that 6 = 0. Then taking Rq = R, W = RuR and W* = Sxs, a simpler 
variant of the above proof shows that e{W*/W) = a, f{W*/W) = d[S/ms ■ R/tur] and 


[QF(5) : QF(R)] = ad[S/ms : R/mR]. 


□ 


Proposition 3.2. Suppose that R and S are two dimensional excellent regular local rings, 
such that S dominates R and K* = QF{S) is a finite separable extension of K = QF{R), 
R has a regular system of parameters u,v and S has a regular system of parameters x,y 
such that there is an expression 

u = V = 

where 71 , 72 are units in S and ad — be 0. Then there exist inclusions 

R^ Rq^ S 

of local rings with the following properties: Rq is a two dimensional normal local ring of 
K which is essentially of finite type over R such that S lies above Rq and 

[QF{S) : QF{Rq)] = \ad- 6 c|[S'/ms : R/niR], 
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Proof. The conclusions of this proposition follow from Proposition I, I. II if one of a, b, c, d is 
zero, so we may assume that a, b, c, d are all positive. After possibly interchanging x and 
y, it can be assumed that ad — bc> 0. The proof of this proposition is a generalization of 
the proof of Proposition 13.11 and we give an outline of the proof, indicating the essential 
differences. 

Let s = gcd(a,6) and s' = gcd(c, d). Let I C R (respectively I' C R) be the integral 
closure of the the ideal (respectively (u^,u^)). We have that 


Ro — R 


r ir 1 


b c 


msHR 


II' 


L It S t; s' J 


is a normal local ring (products of integrally closed ideals in a 2-dimensional regular local 
ring are integrally closed by Theorem 2’, Appendix 5 m)- 

Let p = xSnRo. Let W* be the DVR W* = and let W be the DVR W = (Ro)p = 
VP* n K. Let 

p' = (xS*) n R 

and let 

V s 

p = —■ 



0 p', so p' is a height one prime in R 


Thus 


VP" = R 


b 

lUs 


P' 


is a DVR dominated by W*. Thus VP = VP". As in the proof of Proposition 13.11 we 
conclude that 

e{W*jW) = s 

and that 

Rq/P ^ {R/mR[lp])(j^) 

where Tp is the residue of ip in Ro/p. We have that 

_ ad — be 
v[^) = 

where v is the natural valuation of SjxS, and Ro/rriRQ = R/rriR. We calculate (as in the 
proof of Proposition I3.1jl that 

f{W*/W) = [QF(:^) : QF(i^)] = "^^^[S/ms : R/mn] 


and that 


[QF{S) : QF(Ro)] = e(VP*/lF)/(lF*/VP) = (ad - bc}[S/ms : R/tur]. 


□ 
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3.2. Rational rank 1. Throughout this subsection we will have the following assump¬ 
tions. Suppose that ii is a 2 dimensional excellent local domain with quotient field 
QF(ii) = K. Further suppose that K* is a finite separable extension of K and S' is a 
2 dimensional local domain with quotient field QF(S) = K* such that S dominates R. 
Suppose that i^* is a valuation of K* such that 

1) V* dominates S. 

2 ) The residue held Vy*lmy* of 14* is algebraic over Sjms- 

3) The value group Fj^* of ly* has rational rank 1 (so it is isomorphic as an ordered 
group to a subgroup of Q). 

Let ly be the restriction of ly* to K. 

Theorem 3.3. Suppose that the defect 6{iy*/iy) = 0. Then there exists a commutative 
diagram 

Ri 

(10) t 

R 

such that the vertical arrows are products of quadratic transforms along v* and 

1 ) Ri and Si are two dimensional regular local rings. 

2 ) Ri has a regular system of parameters ui,vi and Si has a regular system of pa¬ 
rameters xi,yi and there exists a unit 71 G Si such that 

ui = 7 iXi and vi = yi 

where e = e{y* jv) = \Ty*/T,y\, and the class ofiy*{xi) is a generator of the group 

Fi/*/Fj/ = Tjg. 

3) is the join V^*lmu* = {yv/my){Si/ms.f) and [Si/mg^ : = 

f(y*jv) = : Vyjmy]. 

It will follow from our proof that there exists a diagram (jlOj) such that the conditions 
1), 2) and 3) of Theorem 13.31 are stable under further appropriate sequences of quadratic 
transforms above R and S. 

Proposition 3.4. There exists a local ring R' of K which is essentially of finite type over 
R, is dominated by v and dominates R such that if we have a commutative diagram 

Vu 

t 

Ri 

(11) t 

R' 

t 

R 

where Ri is a regular local ring of K which is essentially of finite type over R and dominates 

R, Si is a regular local ring of K* which is essentially of finite type over S and dominates 

S, Ri has a regular system of parameters u, v and Si has a regular system of parameters 
X, y such that there is an expression 

u = 7x“, V = x^f 
12 


14* 

t 

t 

^ S 


—Si c 14* 
t 

^ s 


where a>0,b>0,'y is a unit in S, x jf f in Si and f is not a unit in Si, then 

(12) ad[Si/msi : Ri/tur^] = e{u*/u)f{u* 

where d = v{f mod x) with V being the natural valuation of the DVR S/xS. 

Proof. We first prove the proposition with the assumption that K*/K is Galois with Galois 
group G. 

Let g be the number of extensions of n to K*. Writing fiv*/v) = /oP® where gcd(/o, p) = 
1 and e{y* jv) = eop* where gcd(eo,p) = 1, we have by the Corollary to Theorem 25, page 
78 go] that [G : G^{u*/u)\ = g, [G^{y*/y) : G\u*/u)\ = fo, [G^{i^*/i^) : G^{u*/u)] = cq 
and \G'^{i'*/v)\ = /’^)^ so that 

[K* : K] = ge{y*/v)f{y*. 


Since [K'^{iy*/iy) 

: K] = g, we have that 


(13) 

II 

* 

* 

e{y*lv)f{v*lv)p^^'^*l''\ 

By the argument at the top of page 86 in 

gj, there exists R! as above such that for any 

diagram 


—y Vty* 


t 

t 


R* 

^ S* 

(14) 

t 

t 


R' 



t 

t 


R 



where PC and S* are normal local rings of K and K* respectively such that R* is essentially 
of finite type over R' and dominates R' and S* lies over R*, we have that 

(15) G^{S*/R*) = G\v*lv). 

Now applying Proposition 13.11 to an extension Ri Si satisfying ([TT]) (so that Ri 
dominates R'), we have a commutative diagram 

Vu* W 

t t 

R* Si 

t / 

Ri 

such that R* and are normal local rings such that Si lies over R* and 

(16) [QF(Si) : QFiR*)] = ad[Si/ms, : Ri/ruR,]. 

Let S' = K^{n*/u*) n Si. Then R* —)■ S' is unramihed with S'/ms' = R*/ruR* by 
Theorem 1.47 [3], since K^{v*lv*) = K^{Si/R*) by Thus R* = S' by (10.1) gj. We 
have that 

(17) [K* : K^iiy*/n)] = [QF(S') : QF(i?*)] 

by II of Proposition 1 (page 498) [2], since there is a unique local ring in K* lying over 
S'. Now combining (fl^ . ([TT]) and ([TO]) . we obtain formula (fl^ . (The proof in [ 2 | is valid 
in our more general situation since S' is excellent.) 

We will now establish the proposition in the general case, when K*/K is only assumed 
to be finite and separable. Let K' be a Galois closure of K*/K, and let n' be an extension 
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of u* to K'. By the Galois case, there exists a normal local ring R' of K giving the property 
of Proposition 13.41 within the extension K'/K, and a normal local ring S’ of K* giving 
the property of Proposition 13.41 within the extension K'/K*. We can choose R' and S' so 
that S' lies over R'. 

Now suppose that we are given a diagram m- We then have that S' C Si. We have 
by Proposition 13.11 local rings Rq of K and Si of K* such that Si lies over Rq and 

(18) [QF(5i) : QF(i?o)] = ad[Si/ms, : Ri/ruR,]. 

Let T be the integral closure of Si in K' and let T' = Tm^,nT- By (fT^ and (fT71) . we have 
that 

[QF(fO : QF(i?o)] = 

and 

[QF(fO : QF(Si)] = e(v'jv*)f [v'j 

Thus 

^ = '|qS;qf(A)|' = 

since e, / and are multiplicative. Now formula (jl2h follows from (IlSp . □ 

Proposition 3.5. There exists a local ring R" of K which is essentially of finite type over 
R, is dominated by v and dominates R such that if we have a commutative diagram 


K - 


t 

t 

Ri Si 

t 

t 

R" 


t 

t 

R - 



where Ri is a regular local ring of K which is essentially of finite type over R", Si is a 
regular local ring of K* which is essentially of finite type over S and dominates S, Ri has 
a regular system of parameters u, v and Si has a regular system of parameters x, y such 
that there is an expression 

u = 7x“, V = x^ f 

where a>0,b>0,'yisa unit in S, x f f in Si and f is not a unit in 5i and there exists 
a unit T £ Si and n E Z_|_ such that h = rx”, then 

1 ) is a generator ofVy*/Tv = 

2 ) = iyvIrayfiSilvTLsfi), 

3) 

adfSilms^ : RijmRfi = e{v*/v)f{v*1'''^ 
where d = (f mod x) with 17 being the natural valuation of the DVR S/xS. 

Proof. Let R' be the local ring of the conclusions of Proposition l3.4l and let gi,..., gs E W* 
be such that the classes of gi,... ,gs in are a Vyjmy basis. Let R" be a regular 

local ring of K which dominates R' and is essentially of finite type over R' such that 
gi,... ,gs are in the integral closure of R" in K*. 

Suppose that we have a diagram (fT^ . Then gi,... ,gs £ Si so conclusion 2) holds. 
Since v*{h) = niy*{x) is a generator of Tu*/Ty we have that v*{x) is a generator of 
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Finally, 3) holds by Proposition 13.41 since R" dominates R'. □ 

Corollary 3.6. Let assumptions be as in Proposition \S.5l and further assume that b{y* jv') = 
0. Let R" he the local ring of the conclusions of Proposition 13.51 Suppose that we have a 
commutative diagram dTPI) . Then 

a = e{v*/v),d = 1 and : iii/m/jJ = f{y*/v). 

Proof. We have that av*{x) E and v*{x) is a generator of Ty*/Tu = by 1) of 

Proposition 13.51 so e(i>* jv) divides a, and thus 

( 20 ) a > e{v* jv). 

Further, 

( 21 ) [Si/msi : > f{y*lv) 

since Vy*lmv* = {VvjTny){S\lms-f) by 2) of Proposition 13.51 so S'l/msj contains a basis 
of Vy*lmy* over Vulvriu. Further, we have that 

( 22 ) ad[Si/ms^ : Ri/mRf\ = e{v*fv)f {v*jn) 

by 3) of Proposition [33] since 5{v*/v) = 0. Thus by equations ([20l) . (f^ and (1^ . we have 
a[S'i/m 5 ^ : > e{y*lv)f(y*jv) = ad\S\lms^ : Ri/mR^] 

giving the conclusions of the corollary. □ 


We now give the proof of Theorem 13.31 Let R” be the ring of the conclusions of 
Proposition 13.51 We may assume, after replacing R and S with appropriate sequences of 
quadratic transforms of R and S', that R and S are regular, R dominates R” and R has 
regular parameters u, v and S has regular parameters x, y such that 

(23) u = 7 x“, u = x^y 

and h = rx” where h E W* is such that i'*{h) is a generator of jVy and r is a unit in S. 
(We have that d = 1 by Corollary 13.6p . Let S —>■ S'! be the smallest sequence of quadratic 
transforms along v* such that \fxyS\ is a prime ideal (this is possible since v* has rational 
rnak 1 so n*{x) and n*{y) are rationally dependent), and let i? —)• i?i be the smallest 
sequence of quadratic transforms along u such that \/uvRi is a prime ideal. We will show 
that Si dominates Ri and we have regular parameters ui,Q in Ri and xi,Q in and 
a unit 7 ' in Si such that ui = Since these conclusions will then hold under 

further sequences of quadratic transforms, we will then have established the conclusions 
of the theorem, and the remark on stability following the statement of Theorem 13.31 
We have that 


•S'! S[^ljyi]m^tnS[xi,yi] 

where 

/o/i\ rill ni 

(24) X = Xi Sy = x/y/ 

with min'^ — nimi = ± 1 , z^*(xi) > 0 and n*{yi) = 0 . 

5[xi,yi]/xi5[xi,yi] = S/ms[yi] 

is a polynomial ring over S/ms- Let / E S/ms[yi] be the monic generator of 

{m^* n S'[xi,yi])/xiS'[xi,yi]. 
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There exists P G 5[xi,yi] such that the residue of P in S\xi,yi]/xiS\xi^yi] is /. Then 
xi, P are regular parameters in Si. 

Now substitute (f2^ into (f23]) . to obtain 


u 

V 


mia 

7 x 1 


m\ a 

Vi 


mi6+ni 

■^1 yi 


Let s = gcd(mia, mih + ni). By a sequence of substitutions uq = u,vq = v, and 




or 


for 0 < i < A we obtain an expression 

ux = 
vx = 


We have that 


s\tl - t2\ = 


Det 


s tl 


m'la 


s t 2 

We thus have that t 2 — ti ^ 0. Set 


niia 

{mib + ni) {m'lb + n'l) 


ui = Ux, vi = ^ if t 2 ~ > 0 , 

Ux 



[ nil 

m\ \ 

= a 


f 1 


V ui 

n'l J 


= a. 


Ui = ^,vi = Vx if t 2 - tl < 0. 

Vx 

Without loss of generality, we may assume that t 2 ~ > 0. We then have an expression 


u = uT^v 


1 ‘"l 5 


V = 


with m 2 n 2 — n 2 m '2 = ±1, y{ui) > 0 and z^(ui) = 0. Now 


Ri P[ui, Vl\Ynl,^R[ul,vl]■ 

We have that R[ui,vi]/uiR[ui,vi] = R/mR[vi] is a polynomial ring over R/mR. Let 
g G R/mpi[vi\ be the monic generator of 


{m^ n R[ui,vi])/uiR[ui,vi]. 


There exists Q G such that the residue of Q in R[ui,vi]/uiR[ui,vi] is g. ui,Q 

are regular parameters in Ri. We have an expression 

ui = {'y''^y\^)xl,vi = 


The inclusion i? —)• 5 induces a natural homomorphism 


R/mnlvi] = R[ui,vi]/uiR[ui,vi] 5[xi,yi]/xi5[xi,yi] = S/ms[yi]. 

Let 0 / 7 o be the residue of 7 in S/ms- Then 70 is the residue of 7 in S/ms[yi] and 
is the residue of vi in S/ms{yi\. The residue of Q in S/ms[yi\ is 5 '( 7 o?/i^~*^) 
which is nonzero. Thus h{Si/Ri) = 0. We further have that a[Si/Ri) = e{y*jv), 
diSijRi) = 1 and : Ri/mR^] = f{v*/iy) by Proposition 13.51 This completes 

the proof of Theorem 13.31 
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3.3. Rational rank 2. We have the following Theorem 13.71 for rational rank 2 valuations 
dominating a two dimensional excellent local domain, most of whose simple proof is as on 
page 40 of HH. The statement that the extension is defectless follows from the argument 
of Proposition 13.41 which establishes (I12p . replacing references to Proposition 13.11 with 
Proposition 13.21 We obtain the formula 

\ad - bc\[Si/msi : Ri/m/jJ = e{u*(u)f{iy* 

instead of (fT^ . Since e{v*/v) = \ad — hc\, we obtain that b{y*jv) = 0. Related results are 
proven for valuations of maximal rational rank in algebraic function fields in Theorem 3.1 

m 


Theorem 3.7. Suppose that R is a 2 dimensional excellent local domain with quotient 
field QF{R) = K. Further suppose that K* is a finite separable extension of K and S is 
a 2-dimensional local domain with quotient field QF{S) = K* such that S dominates R. 
Suppose that v* is a valuation of K* such that 

1 ) ly* dominates S. 

2 ) The residue field V^,* /m^,* ofVy* is algebraic over S/ms- 

3) The value group Pj^* of v* has rational rank 2. 

Let u be the restriction of u* to K. Then the defect b{y* jv) = 0, and there exists a 
commutative diagram 

Ri ^ Si C K* 

(25) t t 

R ^ S 


such that the vertical arrows are products of quadratic transforms along v* and 

1 ) Ri and Si are two dimensional regular local rings. 

2 ) Ri has a regular system of parameters ui,vi and Si has a regular system of pa¬ 
rameters xi,yi and there exist units 71 ,ti € Si such that 

ui = lixiy\ and vi = nx^yf 


where 


e = e{u*lu) = |r^*/r^ 



b 

d 


and the classes of v*{xi),v*{yi) are generators of the group = ifijAl?. 

3) is the join = {Vy/my){Si/msfi) and [Si/msi ■ Ri/mjifi = 

f{y* jv) = 


There exists a diagram ()25p such that the conditions 1), 2) and 3) of Theorem 13.71 are 
stable under further appropriate sequences of quadratic transforms above R and S. 

3.4. Proof of Theorem II.41 We now give the proof of Theorem 11.41 

trdeg5/mg + dimQ P;,* (g) Q < 2 

by Abhyankar’s inequality (Theorem 1 [T]). 

If trdeg^/^^S'/ms = 1, then W* and W are DVRs and algebraic local rings of K* 
and K respectively, so that W k)/* is a monomial mapping, which is obtained from R, 
respectively S by a sequence of quadratic transforms along v* (there exists a sequence of 
quadratic transforms R — )• R* along v such that Vvlmy is algebraic over R/mn- Thus 
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R* = Vi,he Zariski’s Main Theorem, (10.7) [4]). (For this type of valuation we must have 
that 5{y* /v) = 0 by Theorem 20, Section 11, Chapter VI [i0]l. 

Suppose that dimQ T^* (g) Q = 2. Then Ivny* is algebraic over Sjms by Abhyankar’s 
inequality. In this case there exists a monomialization by Theorem 1,1.71 (we also always 
have that 5{v* jv) = 0 for this type of valuation by Theorem 13.71) . 

The remaining case is when V^*lmy* is algebraic over S/ms, dimQTj^* (g) Q = 1 and 
6{v* /v) = 0. The existence of a monomialization in this case follows from Theorem 13.31 

4. Extensions of Associated Graded Rings of Valuations 

In this section, we extend the results of m and [20] calculating the extension of as¬ 
sociated graded rings of a valuation for defectless extensions of 2 dimensional algebraic 
function fields over an algebraically closed field, and of m for 2 dimensional algebraic 
function helds over a (not necessarily closed) characteristic zero field. We refer to the 
introduction of this paper for a discussion of this problem. 

We recall the following theorem on strong monomialization of rational rank 1 valuations 
in an extension of characteristic zero function fields from |10] . 

Theorem 4.1. (The rational rank 1 case of Theorem 5.1 [10], Theorem 6.1 [IT] and 
Theorem 6.5 m) Let K an algebraic function field over a field k of characteristic zero, 
K* a finite algebraic extension of K and u* a rational rank 1 k valuation of K*. Suppose 
that S* is an algebraic local ring with quotient field K* which is dominated by v* and R* 
is an algebraic local ring with quotient field K which is dominated by S*. Let v be the 
restriction of u* to K. Then there exists a commutative diagram 

R 

(26) t 

R* 

such that the vertical arrow are product of monoidal transforms along v* and 

1) R and S are regular local rings of dimension equal to n = trdegy.Vi,* /m,y*. 

2) R has a regular system of parameters xi,...,Xn and S has a regular system of 
parameters yi,... ,yn and there exists a unit 6 G S such that 

xi = 5y\ and Xi = yi for i > 2 

where e = eiv*jv) = \Ty*/Vi^\. 

3) The class of iy{yi) is a generator of the group T,y*/Ty. 

4) Vy*lmy* = {Vy/my){S/ms). 

5) [S/ms : R/mn] = f = /(uVu) = : Vy/my] 

6 ) The conclusions of 1) and 3) - 5) of the theorem continue to hold for Ri —>• Si 
whenever there exists a commutative diagram 

Ri 

(27) t 

R 

such that the vertical arrow are product of monoidal transforms along v* and 2) 
holds for Ri ^ Si. 

We now show that with the assumptions of the conclusions of Theorem 14.11 we further 
have a very simple description of the extension of associated graded rings of the valuations. 

18 


^ Si C K* 
t 

^ 5 


S C Vy* 

t 

s* 


Theorem 4.2. Let assumptions be as in Theorem \4-l\ and let R ^ S be as in the 
eonclusions of Theorem \4.1\ Then we have a natural isomorphism of graded rings 

gr^.{S) = {gr^{R) 0R/mii S/ms) [Z\I{Z^ - 

where [71], [xi] are the respective classes in grj^(-Ri) Si/ms^- The degree of the 

extension of quotient fields of gi^j{R) —)• grj,*(S') is e{y*lv)f{y*jv). 


Proof. Let 71 ,... ,7/ € 5* be such that their residues 7;^, • • • ,7/ in S/ms are a basis of 
S/ms over R/mR. We now establish the following formula: 

(28) Suppose that hi,..., hf G R. Then 7i^i) = min{z/(/ij)}. 

Without loss of generality, we may suppose that ^{hi) is this minimum. Then ^ £ W for 
all i so we have classes 

[7^] G Vy/my C Vy*/my*. 
hi 

If ’^*iT,i=i'lihi) > J^*{hi), then 

= 0 in Vy*/my*, 

which is impossible since 7 ^^,... ,7^ are a basis of Vy*/my* over Vy/my, by the assumptions 
of the theorem. We have thus established formula (|28p . 

Suppose that z G S. Let t be a positive integer such that tv* {ms) > t^*{z). We have 
an expression 

(e-l f \ 

EE gijliui + w 

\j=0 i=l ) 

where gij G R for all i,j and w G m/g. 

We will next establish the following formula: 


(29) v*{z) = miii{v{gij) + jv*{yi)}. 

With our assumption on t, 

\i=oi=i / 


Set 


/ 

hj = ^ Qij^i for 0 < j < e - 1. 


i=l 

By (f28]l . v*{hj) G Ty for all j. For 0 < j < e — 1, we have 

t^^ihkVi) - ’^*{hjyi) = {k- j>*(yi) + v*{hk) - v*{hj). 

Since the class of i^*(yi) has order e in Ty*/Ty, we have that 

(30) i'*{hkyl) 7^ T^*{hjyi) for j / k. 

Formula (1291) now follows from (l30]l and ([28]l . 

For 7 G Fjy, we have a homomorphism 


V^{R)/V+{R) ®R/rr,^ S/ms ^ V^{S)/V//{S) 
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defined by Qi® 'ji gi^i- This map is 1-1 by the proof of (f28l) . Thus 


I 0 p, («)/»>+(fl) I S/ms 

is a graded subalgebra of 

0 Vr{S)/Vt{S). 

Suppose that h G S. Let r = v*{h). By ([5U1) . there exists a unique i with 0 < i < e — 1 
and 7 G Ti^ such that r = 7 + iv*{yi). Further, 

^ 2/1 + ^2 

where gj G R with ^{gj) = 7 for 1 < j < / and /i 2 G 5 satisfies v*{h 2 ) > r. Thus 
Vr{S)/Vt{S) = {V,{R)/V^{R) S/ms) [yi] 

where is the class of yi. We have that 

(y^r - [5 ]-Mxi] = 0 

where [<5], [xi] are the classes of <5 and xi. All other relations on y^ are divisible by this 
relation by (1^ . 

□ 

Theorem 4.3. Let assumptions be as in Theorem 13.31 and let Ri —)■ he as in the 
conclusions of Theorem 13.31 Then we have a natural isomorphism of graded rings 

gr^*(S’i) ^ (gr^iRi) ®Ri/mR^ -S'l/msi) [Z]I{Z^ - 

where [71], [ui] are the respective classes in gry{Ri) ®R^/mR Si/ms^. The degree of the 
extension of quotient fields of gijy{Ri) -G grj^*(S'i) is e(v* / v) f (v* / v). 

Proof. The proof is exactly the same as the proof of Theorem 14.21 □ 


We also obtain from Theorem 13.71 the following result, showing that even in positive 
and mixed characteristic, the associated graded rings of Abhyankar valuations dominating 
a stable extension of two dimensional excellent regular local rings have a nice form. 


Theorem 4.4. Let assumptions be as in Theorem [13 and let Ri -G Si be as in the 


conclusions of Theorem |3. 7\ Then we have a natural isomorphism of graded rings 


gr,*(5i) ^ (gr,(i?i) 0 R,/mn^ Si/mg,) [X,Y]/{X<^Y^ - [ji]-^[ui], X^Y<^ - [ri]-3ui]), 


where [71], [ri], [ui], [ui] are the respective classes in gr^(i?i) ®Rj^/mR Si/msi- The degree 
of the extension of quotient fields of gic^,{Ri) —>■ gr^*(S'i) is e(v* / v) f (v* / v). 
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5. Non constancy of an and I 3 n 


In Corollary 7.30 and Theorem 7.33 of [13], it is shown that an + /3n is a constant for 
n S> 0, where an and I3n are the integers defined in ([6|) which are associated to the stable 
forms ([5|) of an extension of valued two dimensional algebraic function fields. If is not 
p-divisible, it is further shown that an and /3„, are both constant for n ^ 0, and is the 
defect of the extension. However, if Vy is p-divisible, then it is only shown that the sum 
On + f^n is constant for n ^ 0, and that is the defect of the extension. In Remark 

7.34 [III it is asked if an and /3n (and some other numbers computed from the stable 
forms) are eventually constant in the case when Ty is p-divisible. We give examples (I3ip - 
(1341) here showing that this is not the case, even within defect Artin Schreier extensions. 

The example in Theorem 7.38 m is a tower K*/K of two Artin Schreier extensions, 

K ^ Ki^ K*, 

where K = k{u,v), Ki = k{x,v) and K* = k{x,y), over an algebraically closed field k of 
characteristic p > 0, with 

J.P 

•Xy T) C 

u =-r ,v = — X y 

1 - xP-i 

where p — 1 divides c. R and S are defined to be i? = k[u,v](^n,v) and S = k[x,y]^^x,y)- 
The valuation v* on K* is defined by the generating sequence (j4ip in S and the valuation 
u = u*\K is defined by the generating sequence (|46|) in R. In Theorem 7.38 [H], it is shown 
that Ty* =Ty = 5{v* jv) = 2, and in the stable forms Rn Sn above R — 5, we 

have an = 1 and I3n = 'i- for all n. 

Let i^i = ix*\Ki. We define A = k[x,v](^x,v)^ a local ring of Ki. We will show in this 
section that 6{u*/vi) = biyxjv') = 1 and we have stable forms Rj —)• Aj of Ki/K (Theorem 
15.71) and Aj Sj of K*/Ki fTheorem 15.61) such that by the conclusions of Theorem 15.61 


(31) 

aj{Sj/Aj) — 1 

' 1 

if j is even 
if j is odd 

and 




(32) 

P,{S,/A,) = 1 

^ 0 

if j is even 
if j is odd 

for Aj 

—>■ Sj , and by Theorem 15.71 we have 


(33) 


f 0 

1 1 

if j is even 
if j is odd 

and 




(34) 


[o 

if j is even 
if j is odd 


for Rj Aj. 


We now prove these statements. We make use of the notation introduced in Section 7.11 
|14j in the construction of the example of Theorem 7.38 [TTj. The proof makes essential 
use of the theory of generating sequences of a valuation dominating a two dimensional 
regular local ring, as developed in [34] and extended in m- 

We define a fc-valuation ui of Ki by prescribing a generating sequence in A, starting 
with 

(35) Uo = x,Ui = v,U2 = — X 
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and for j >2 


(36) 


U. 


= Uf-xP^' ^Uj-I if j is odd 
Uj-^i = — xP^^ if j is even. 


i+i 


We now establish that {Ui} determines a unique valuation vi on Ki such that z/i(x) = 1. 
Dehne 7 ^ by 

- 1 - 1 

^o = l>7i = - 


and for j >2, 
(37) 


J ^ + 7i-i) 


By induction on j >0, we have that 

f P 


(38) 

Let 




7j+i 


P 


j'=0 pij' ■ 

;2j-i(yj 1 ' 

\Z^j'=0 4j' , 


if j is odd 
if j is even 


if j is odd 
if j is even 


m = 


p if j is odd 
if j is even 


Let Lj be the group generated by 79 , • • • , 7 j. By Remark 7.171 [H] or Theorem 1.1 [TB] 
and its proof, {Ui} is a generating sequence of a unique valuation ui on Ki such that 
^i{Ui) = 7 j for all i if 

(39) rii = [Lj : Lj.i] 
for i > 1 and 

(40) 7i+i > nai 

for i>l. 

By (l37)l . nUfi E Lj-i, so [R : Lj-i] = rii if R has order precisely n* in Lj/Lj-i. 


By 


we have that 


Ti-i = 




if i is odd 
if i is even 


for i > 1, so that by (|38|) . 7 ^ has order n* in rj/Lj-i. Since (|10|) holds by ([38l) . we have 
that {Ui} is a generating sequence in A which determines a valuation z^i of Ki. 

The following Propositions 15.ll and 15.2] are a little stronger than Proposition 7.40 |14j . 

Proposition 5.1. Let 

S^ = 82 ^ ■■■ 

be the sequence of quadratic transforms such that Si = Sp in the notation of Definition 

' i 

7.11 [H] so that Vy* = yjSi- Let Qi be the generating sequence of S of (71) of [14] 
determining v* (Proposition 7 . 4 O [14] ) 

Qo = X 

Qi = y 

Q2 = yP^ - X 

g,+i = qf = xP"^-"Q,.iforj>2. 
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( 41 ) 




Then there exist generating sequences {Q{k)i} in Sk such that 

XS2 = Q(2)o = Qi= y,ys2 = Q(2)i = ^ = 9l. 

Qo X 

are regular parameters in S 2 such that Q{2 )q = 0 is a local equation of the exceptional 
locus of Spec{S 2 ) Spec{S) and for k >2, 

Qk+l 


xsk+i = Qik + 1)0 = Q{k)i,ysk+i = Qi^ + 1)1 = 


xP^’^-^Qk-i 


are regular parameters in Sk +\, such that Q{k+l)n = 0 is a local equation of the exceptional 
locus of Spec{Sk+i) Spec{S). 

In S 2 , the generating sequence {Q(2)i} is defined by 

Qi+l 


(42) 


Q(2)o = Qi,Q(2), = 


xP- 


,2(i-l) 


for i > 1, and for k > 3, the generating sequence {Q{k)j} in Sk is defined by 

Qk—l 


(43) 

and 

(44) 

for i > 1. 


Q{k)o = Qik - 1)1 = 


xP^^^-^^Qk-3 


Q{k)i = - Qi+k-i 


It follows from Proposition 15.11 that k'*{Q{k)Q) = p‘^i/*iQ{k)i), so we have regular pa¬ 
rameters xsk +-^, ySk+-^ in Sk+i defined by 

(45) Qik)o =^5'_^^(ysfe+i + 1), < 5(^)1 =xsk+i- 

Proposition 5.2. Let 

Ri = R —y i?2 —^ ■ ■ ■ 

be the sequence of quadratic transforms such that Ri = Rp in the notation of Defini¬ 
tion 7.11 [2] so that 14 = URi- Let Pi be the generating sequence of R of (76) of [T4] 
determining v (Corollary 7 . 4 I [H] ) 


(46) 


Po = u 

Pi = V 

P 2 = yP^ -u 

Pi+i = Pf -uP^'-^Pi.i fori>2. 


Then there exist generating sequences {P(A:)j} in Rk determining v such that 

UR 2 = -P(2)o = Pi = v, VR 2 = -P(2)i = -^ = — 

Po u 

are regular parameters in R 2 such that ur^ = 0 is a local equation of the exceptional locus 
of Spec(S'2) —>■ Spec{S) and for k >2, 

URk+i = P{k + 1)0 = Pik)i,VR^^^ = P{k + 1)1 = —5^^— 


are regular parameters in Rk+i, such that P(/c-|-l)o = 0 is a local equation of the exceptional 
locus of SpeciRk+i) SpeciR). 
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In i?2; ihe generating sequence {P{2)j} is defined by 


(47) 

p(2)„ = Pi,p(2)i = ^m 

vP 

for i> 1, 

and for k > 3, the generating sequence {P{k)j} in Rk is defined by 

(48) 

P{k)o = P(t - 1)1 = fip 

uP 'Pk-3 

and 


(49) 

p(U\. — Pi+k-1 

^p2(i+k-3) 

for i>l. 



It follows from Proposition 15.21 that we have regular parameters in Rk+i 

defined by 

(50) P{k)o = + 1), P(A;)i = . 

Proposition 5.3. The sequence {Uj} is a generating sequence in A of a unique k-valuation 
vi of Ki such that i'i{x) = 1. Let 

Ai = A —> A2 —>■ • • • 


be the sequence where Ai = A^'. in the notation of Definition 7.11 [13], so that = Uj4j. 
Then there exist generating sequences {U{k)i} in Ak determining i^i such that 

XA, = U{2)o = Ui = V,VA, = U{2)i = ^ = El 

Uo X 

are regular parameters in A 2 such that U{2 )q = 0 is a local equation of the exceptional 
loeus of Spec{A 2 ) — Spec{A). For j > 2, 


(51) 


XAj+r =U{j + 1)0 = U{j)i,VA^+i 


U{j + 1)1 = <^ 


Uj+i 

^■7- + / 




if j is odd 
if j is even 


are regular parameters in ^j+i, such that U{j+l)o = 0 is a local equation of the exceptional 
loeus of Spec{A j^i) -A- Spec{A). 

In A 2 , the generating sequence {U{2)j} is defined by 


(52) 

and for j > 1, 

II 

0 

Ui 

(53) 

( Uj+1 

mj = { Cl' 

if j is odd 

if j is even 


and for k >3, the generating sequence {U{k)j} in A^ is defined by 

if k is odd 
if k is even 


(54) 


U{k)o = U{k-l)i = 


Uk-i 

„2fc —6 TT 

Uk-3 
Uk-l 
2k-5 


XP 


Uk-3 


and for k odd, j > 1 


24 












(55) 


U{k)j = < 


1 

^p20+fc)-6^p2j-3 


and for k even, j > 1, 


if j is odd 
if j is even 


(56) 


U{k)j = < 


xP 


Uj+k-1 

2(j+k)-6jjp^J-'^ 


u,. 


k-2 


xp2(^+k)-^uff;" 


if j is odd 
if j is even 


Further, there exist units 6{k)j in with 6{k)j = 1 mod ruA^, such that if k is odd, 
then 


(57) 


U{k)2 = U{k)l-5{k)^U{k)o 


and for j > 2, 

(58) U{k),+, 


U{k)P-6{k),+,U{k)f~"u{k),., 

U{k)f -6{k),+iU{k)f~"U{k),-I 


and if k is even, then 


if j is odd 
if j is even 


(59) 

and for j >2, 

(60) U{k),+i 


U{k)2 = U{k)f - 6ik)oU{k)o 

U{k)f - 5{k)j+iU{kYQ'~^U{k)j-i if j is odd 
U{k)^ — 6{k)j^iU{k)Q^ U{k)j-i if j is even 


Proof. The fact that the sequence {Uj} is a generating sequence of a unique ^-valuation 
i 2 i of Ki was shown before Proposition 15.11 

The remainder of the proposition is proved by induction on k. By (pSl) and (1361) if 
k = 1 and ((571) - ([601) if A; > 1 and by Theorem 7.1 [15], there exists a generating sequence 
{U{k + 1)} in Ak+i defined if k is odd by 


(61) 

and for j > 2, 


(62) 


and if k is even, then 


Uik + l)o = U{k)i,U{k + l)i = 


U{k)2 

U{kY 


U{k + l)j 


if j is odd 

Uik)f 

if j is even 


(63) 


Ll(A: + l)o = [/(A:)i,[/(A; + l)i = ^^ 
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and for j >2 


(64) 


U{k + l)j 


if j is odd 

U(k)j^-i .p . . 

if 7 IS even 

TTfh\P ^ 


To prove that the conclusions of the proposition hold for {U{k + 1)*}, we use the 
induction assumption and the appropriate equations ([66]) . ([68]) or (l6^ which are stated 
below to first verify that there are units X{k + l)j in Afc+i with X{k + l)j = 1 mod 
such that 


(65) U{k + l)j = X{k + l)jIJ{k + l)j 

for all j, verifying that {U{k + l)j} is a generating sequence in A^+i for ui, and then that 
the appropriate equations ([57[) - (1601) hold and finally that the appropriate equations (1521) 
and ([5^ . or ([Ml) - (l56l) hold. 

We now state and prove the equations ([66l) . ([68]) and ([M]) . 

There exists a unit e{2) in A 2 with e{2) = 1 mod 171^2 such that 

(66) C/f = e{2)x. 

Equation (I66p follows from (I35p and the fact (Theorem 7.1 [15]) that A 2 has regular 
parameters XA 2 and VA 2 defined by 

(67) t/(l)o = x = x^^^{va 2 + l),U{l)i = v = xa 2 

There exists a unit s{k + 1) G A^+i with s{k + 1) = 1 mod niA^j^i such that 

(68) U {k)l = e{k + 

^ fc -2 

if A; > 2 is odd and 

(69) U{h)f =E{k + l)^ 

^k-2 

if A: > 2 is even. 

We now simultaneously verify the equations ([HHp and (IMp . We first verify that Ak+i 
has regular parameters xau+\ and va,,j^i defined if k is odd by 

(70) U{k)o = + l),U{k)i = XAfc+i 

and if k is even by 

(71) U{k)Q + l),U{k)i =XA^+^. 

If k is odd, we have that pvi{U{k)i) = vi{U{k)Q) by ([MP and if k is even we have that 
p^ui{U{k)i) = vi{U{k)o) by ([59p . so (ITUP and (1711) follow from (l57p . ([MP and Theorem 
7.1 |15j . Thus for j < k, Uj is a power of U{k + l)o times a unit in A^^i which is 
equivalent to 1 mod Thus by (l36p . there exists a unit s{k + 1) in A^+i with 

e{k + 1) = 1 mod ruA^^^ such that 

= e{k + l)x^ Uk-i if k is odd 


Uf. = e{k + l)x^ Uk-i if k is even. 
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Thus if k is odd, 


U{kt = 


Uk 

« 2 /c — 3 T T 

Uk-2 


Ul 

^p 2 k- 2 jjp^^ 


_ e{k+l)xP Uk-i _ I 
- — ^p2k-2rrP - -e[k + i)jj^. 


if k is even, 


U{k)l = 


XP^'‘ ^Ul_^ 


Uk 

7 ^ 2 /c — 4 r r 

XP Uk-2 


Ul 


2fc —1 jtP'^ 


xP^'^-^Ui 


e{k+l)xP^'‘ Vfe_i _ 


Z = E{k + 1 )^ 


rx^K, — l TT 

xP U\ 


TjP 

^k-2 


Lemma 5.4. We have that 

(72) Uo = x = Qo,Ui = QZ-x^y, 

and for j > 1, if j is odd, then 


(73) 


2 ■ 2 1 

Uj+i = Qj+i + x^ ^^fj+i{x,y) 


where /j+i G ^[[3:]][y], x divides /j+i in fc[[3:]][y], and degyfjj^i =p 
If j is even, then 


= r,2i-i 


-2j-l(^l 1 -) 

Uj +1 = Q ^+1 + X p*^ fj+i{x, y) 


(74) '^j+k — '^j+i 

where fj+i G ^[[3:]][y], x divides fj+i in fc[[3:]][y], and degyfj+i = 
Proof. We have that 


Ui = V = yP - x'^y = Ql - x^y, 

U 2 = - x = Q 2 - x^Py^, 


verifying (1731) for j = 1 and 


□ 


Us = t/f -xP Ui=QP- ^" 2 / 

verifying (j74[) for j = 2. 

We prove the equations (1731) and (f7¥)l for j > 3 by induction. First assume that j is 
odd. We have that 

U,+i = UP-xP"^-^Uj-i 

= Qj+i + x ^ p^ fP -X 


j—0 jyAj' ' £ 

P Jj-1- 


The formula ()73p then follows since 

j-1 


i-3 

2 


j'=0 


p 


j’=0 


p 


.7-3 

2 


.7-1 

2 


..■/_n ^ „•/_n 


i'=o 


j'=0 
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Now assume that j > 3 is even. We have that 

Uj+i = U-- -X- Uj-i 




= Q]+i + x 


The formula (I74p then follows since 


i-2 
2 ^ 


i-1 
2 


j '=0 • 


j'=0 ' 


□ 


Proposition 5.5. We have = V^* n Ki and v*\Ki = vi. Further, v* is the unique 
extension of vi to K*. 


Proof. Since h'i{x) = Z 2 *(x) = 1, it suffices to show that C W*. From (fCT) and the fact 
that = Uj4j, we need only show that £ W* for all j. From equation (72) of [T4] . 

we obtain that 


(75) 


if j is odd, and 


(g,+i) = /3,.+i<p2j-2 


i-i 



(76) 

if j is even. Thus by Lemma 15.41 


Ppj+i < ^ 



(77) 




V*{Qjj,.i) if j is odd 
P^*{Qj+i) if j is even 


Thus by ([^ and Proposition 7.40 [H], 




v*{ysj+i) if j odd 
pv*{ySj+i) if j even 


The fact that v* is the unique extension of v to K* follows since vi\K = u*\K = u by 
Proposition 7.40 [13], and v* is the unique extension of v to K* by (1) of Theorem 7.38 

m- □ 


Theorem 5.6. For all j, Sj is a finite extension of Aj. If j is odd, we have expressions 

(78) XAj+i = rj+ixPg .^^, VAj+, = Ij+Wsj+i + xsj+, ^j+i 

where rj+i, 7 j_|_i are units in Sj+i and Oj+i G *S'j+i- 
If j is even, we have expressions 

(79) XAj+, = Tj+ixs ^+,, VA^+i = lj+iysj+, + xSj+i^j+i 

where rj+i, 7 j_|_i are units in Sj+i and Oj+i G (Sj+i. 
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Proof. For i < j, Qi are units in 5j+i times a power of By (1731) . (j74l) and (j7^ and 

dZSD, we then have that Ui are units in Sj+i times a power of and for i < j, 


(80) 


J aQ^ where a G 5'j+i is a unit if i is odd 

( aQi where a G 5'j+i is a unit if i is even. 


We have from (17511 that 
(81) 


j 2 i _i-_ 1 


j'=0 


j'=0 


. 7-1 



if j is odd and by dTS]) . 
(82) 


pv*{Qj_i) =pl3j_i=p^^ ^ 





-P 


2 i-i 


if j is even. 

If j is odd, by equations (f5T]l . (l73]l . (IHO]) and (f 8 T]l and Proposition 15.11 we have an 
expression 


Uj+i 

xP Uj-i 


■ 7-1 

Qj + l + X fj + l 

axP^^~^Qj-i 


iysj+^ + xs^+^^ 


for some unit 7 G Sj+i and fl G tS’j+i. 

If j is even, by equations (fKTIl . (f74]l . (fHOjl and (| 8 ^ and Proposition 15.11 we have an 
expression 


Uj+i 


„ 2 j-lcy ^2 1 1 ) 




for some unit 7 G iSj+i and O G Sj+i. 
By (150]) . we have that 


U, 


XAi+i 




= 72/s,.+i + 


"'+1 xP^^-^Uj-2 xP^^-^QP_^ 

for some unit a G 5'j+i if j is odd and 




aQj 


®^i+l ..7721-4 rr _ ..d 2 i -4 7 


P 

= axQ 




xP^^-Xj-2 xP^^-^Qj-2 

for some unit a G 5j+i if j is even. 

The extension Aj —>■ Sj is finite for all j since each Aj -A- Sj is quasi finite and n* is the 
unique extension of v to K*. 

□ 


Theorem 5.7. For all j, Aj is a finite extension of Rj. If j is odd, we have expressions 

(83) 7 Ajj^i F XAjj.i^j+1 

where (Tj+i,Aj+i are units in and A^+i G Aj^i. 
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If j is even, we have expressions 
(84) '^Rj+i ~ 

where cjj+i,Aj_|_i are units in ^j+i ^nd Aj+i G ^j+i- 

Proof. We have that Rj+i C and -Rj+i —)• Aj^i is finite since Rj+i —>■ Sj+i and 

Aj+i —>■ Sj+i are finite, is normal and QF(i?j+i) C QF(Aj+i). The expressions (l83l) 
and (l8^ follow from (2) of Theorem 7.38 [H] and Theorem 15.61 □ 
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